We predict the cross-plane phonon thermal conductivity of Stillinger-Weber silicon thin films as thin as 17.4 nm using the lattice Boltzmann method. The thin films are modeled using bulk phonon properties obtained from harmonic and anharmonic lattice dynamics calculations. We use this approach, which considers all of the phonons in the first Brillouin-zone, to assess the suitability of common assumptions. Specifically, we assess the validity of: ͑i͒ neglecting the contributions of optical modes, ͑ii͒ the isotropic approximation, ͑iii͒ assuming an averaged bulk mean-free path, and ͑iv͒ the Matthiessen rule. Because the frequency-dependent contributions to thermal conductivity change as the film thickness is reduced, assumptions that are valid for bulk are not necessarily valid for thin films.
I. INTRODUCTION
Thermal transport in microstructured and nanostructured materials can be significantly different than in bulk. As dimensions are reduced, boundary effects become significant and properties predicted for the bulk phase ͑e.g., thermal conductivity, phonon relaxation times͒ may not be suitable for modeling thermal transport. One example is the semiconductor thin film, which is common in microprocessors, solidstate memory, and semiconductor light-emitting diodes.
1-3
The reduced thermal conductivity of thin films limits their ability to effectively remove waste heat, which is critical to device operation and reliability. [2] [3] [4] In this work, we use the phonon Boltzmann transport equation ͑BTE͒ under the relaxation-time approximation to predict ͑i͒ the bulk thermal conductivity of Stillinger-Weber ͑SW͒ silicon and ͑ii͒ the cross-plane thermal conductivity of SW silicon thin films as thin as 17.4 nm, all at a temperature of 300 K. We analyzed the in-plane thermal conductivity in a previous report. 5 The accuracy of the BTE predictions depends on the accuracy of the phonon properties required as input. Given an interatomic potential that describes the atomic interactions, mode-dependent specific heats and group velocities can be predicted using harmonic lattice dynamics calculations. 6, 7 The required relaxation times can be predicted from molecular dynamics ͑MD͒ simulation 8, 9 or anharmonic lattice dynamics calculations. 7, 10 MD simulation and anharmonic lattice dynamics calculations, the latter of which naturally includes quantum effects and is used here, are computationally expensive and can be challenging to implement. As such, we also investigate the suitability of four approximations commonly made to reduce the computational effort. First, we assess the validity of neglecting the contributions of optical phonons. Second, the isotropic approximation, where the phonon properties of one crystalline direction are assumed to be representative of the entire Brillouin-zone. Third, the Gray approximation, where the entire Brillouin-zone is represented by a single phonon velocity and relaxation time. Finally, the Matthiessen rule, which assumes that different scattering mechanisms are independent. By investigating these approximations, we will ͑i͒ determine when they can be used to predict the phonon properties and thermal conductivity of bulk systems without introducing significant error, and ͑ii͒ understand how their validity changes as system lengths are reduced from bulk to the nanometer scale.
To perform the required calculations, we use a hierarchical procedure ͑described in Sec. II A͒ that uses the BTE ͑Secs. II B and II C͒ and lattice dynamics calculations ͑Sec. II D͒ to predict the bulk and cross-plane thin film thermal conductivities. In Sec. III, we present the thermal conductivity predictions and examine the role of optical phonons, the isotropic and Gray approximations, and the suitability of the Matthiessen rule for combining the effects of different scattering mechanisms. We show that because the frequencydependent contributions to thermal conductivity change as the film thickness is reduced, approximations that are valid for bulk are not necessarily valid for thin films.
II. COMPUTATIONAL TOOLS

A. Overview of the hierarchical procedure
The thermal conductivity of a solid, k, is a second-order tensor empirically defined by the Fourier law
where q is the heat flux vector and ٌT is the temperature gradient in the material. At the atomic level, the thermal conductivity of a semiconductor is related to the transport of phonons ͑i.e., quanta of lattice vibration͒. We model phonon transport using the hierarchical procedure shown in Fig. 1 and describe in detail in Secs. II B-II D. Interatomic force constants, which are the derivatives of a system's potential energy with respect to the positions of its constituent atoms, are first calculated from an interatomic potential energy function. The force constants are then used in harmonic and an-harmonic lattice dynamics calculations to predict modedependent phonon specific heats, group velocities, and relaxation times. 7, 11 For bulk systems, these phonon properties are used in a steady-state solution of the BTE that is combined with Eq. ͑1͒ to predict the thermal conductivity. For thin films, the lattice Boltzmann method ͑LBM͒ is used to discretize the BTE and then solve it numerically for the phonon occupation numbers in a system with a specified geometry and boundary conditions. 12, 13 The steady-state phonon occupation numbers are then used to calculate the temperature profile and heat flux. From these values, Eq. ͑1͒ is used to calculate the thermal conductivity. Although previous works have used the LBM to model phonon transport in thin films, these studies assumed forms for the frequency dependence of phonon relaxation times that require fitting parameters [13] [14] [15] [16] [17] [18] and/or were limited to isotropic material properties. 19 Our approach does not rely on the isotropic approximation or any fitting parameters. Methods other than the LBM, such as the equation of radiative phonon transport 20 and the discrete ordinate method, 21 have also been used to solve the BTE. These methods, however, are often used with a single group velocity and an averaged bulk relaxation time, which, while making them fast to execute, can introduce significant error ͑see Sec. III C͒.
B. Boltzmann transport equation
The time-dependent BTE for each phonon mode is given by 22 ‫ץ‬ f͑,͒ ‫ץ‬t
where f͑ , ͒ is the phonon occupation number. Each phonon mode is identified by its wave vector, , and dispersion branch, . The phonon group velocity vector, v g ͑ , ͒, is
where ͑ , ͒ is the phonon frequency. The left hand side of Eq. ͑2͒ describes the diffusion of a system of noninteracting phonons. The term on the right hand side is the collision operator and serves to reestablish equilibrium through phonon scattering. The phonon modes are coupled through the collision operator. The overriding challenge in solving the BTE is modeling the collision operator. Although methods have been developed to evaluate it directly, 11, 23, 24 here we use the relaxationtime approximation to make solving the BTE more tractable. 25, 26 Under this approximation, phonon transport is described by a set of mode-dependent relaxation times, ͑ , ͒, defined as the average time between scattering events. We assume that the crystal contains no defects, no free electrons, and no internal interfaces so that ͑ , ͒ is equal to the relaxation time associated with phonon-phonon scattering, p−p ͑ , ͒. The collision term is modeled as
where
and ϵ ប͑ , ͒ / k B T, ប is the Planck constant divided by 2, k B is the Boltzmann constant, and T is the absolute temperature. Combining Eqs. ͑2͒ and ͑4͒ yields the BTE under the relaxation-time approximation
Using a first-principles approach to predict the bulk thermal conductivity of silicon and germanium, Ward and Broido found that the relaxation-time approximation introduces 5%-10% error for temperatures between 100 and 800 K.
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C. Bulk and lattice Boltzmann method solutions to the Boltzmann transport equation
For bulk crystals, the steady-state solution of Eq. ͑6͒ can be combined with the Fourier law to develop an expression for the z component of the thermal conductivity tensor 12, 22 
Here, the phonon specific heat, c ph ͑ , ͒, is 12, 22 
where V is the volume of the lattice dynamics computational cell ͑see Sec. II D͒, and v g,z ͑ , ͒ is the z component of the group velocity vector ͑i.e., along the ͓001͔ direction͒.
To evaluate the thermal conductivity of a thin film using Eq. ͑7͒, a correction to the phonon-phonon relaxation times must be made to account for phonon-boundary scattering ͑e.g., by using the Matthiessen rule, see Sec. III D͒. We have chosen to use the LBM to solve Eq. ͑6͒ numerically and thus do not need to invoke the Matthiessen rule. In the LBM, the temporal-and spatial-variations in the phonon occupation numbers are predicted by solving Eq. ͑6͒ numerically. Consider a thin film oriented such that the cross-plane direction and thermal gradient are along the z direction. For this one-dimensional system, ٌf͑ , ͒ = ‫ץ‬f͑ , ͒ / ‫ץ‬z and
The system is infinite in the x and y ͑in-plane͒ directions. For each phonon mode ͑ , ͒ we solve Eq. ͑6͒ by using a first-order discretization in time and space. We then define a time step/lattice spacing relationship such that each phonon mode travels between adjacent nodes in a mode-dependent time step ͓⌬t͑ , ͒ = ⌬z / v g,z ͑ , ͔͒. This procedure yields the phonon lattice Boltzmann equation
In our procedure for predicting thin film thermal conductivity, phonon scattering is modeled using a two-step process. First, phonons are coupled in the prediction of p−p ͑ , ͒ ͑see Sec. II D͒. Second, during the LBM simulation the phonons exchange energy through the collision operator. As the system evolves in time, a fraction ͓⌬t͑ ,
͔͒ of the energy in phonon mode ͑ , ͒ is redistributed into the equilibrium distribution at every internal node at every time step.
To achieve mesh-independent thermal conductivity predictions in our LBM simulations, we use ⌬z = ⌳ min / 10, where ⌳ min is the smallest phonon mean-free path ͑MFP͒ in the system. The phonon MFP,
is the average distance a phonon travels before it scatters. To prevent the node density from approaching infinity ͑i.e., if the group velocity or MFP approach zero, which can occur at the Brillouin-zone boundaries͒, phonons with group velocities less than 25 m/s are neglected, resulting in ⌬z = 0.1 nm. As expected, neglecting these small group velocity modes does not significantly affect the thermal conductivity prediction. Their effect on scattering, however, is still included in the prediction of p−p .
Since the phonon distribution at each node does not represent an equilibrium distribution, temperature cannot be calculated directly. We define the node temperature by equating the local energy density ͑i.e., the energy associated with each node͒ of the nonequilibrium distribution with that of an equilibrium distribution, Eq. ͑5͒, where temperature is defined. The local energy density at a node is
where L and R denote the left and right propagation directions. 27 Because we are using a small temperature difference to impose the heat flux, the nonequilbrium distributions in the film are close to equilibrium and this approximation does not introduce significant error.
Fixed temperature boundary conditions are imposed by using the Bose-Einstein distribution to calculate the phonon occupations numbers corresponding to the desired temperature. This boundary condition ensures that all phonons scatter diffusely when they interact with the system boundaries ͑i.e., into all directions͒. The hot and cold boundaries of the thin film are set to temperatures of 300.5 and 299.5 K, resulting in a temperature difference of 1 K and an average temperature of 300 K. All phonon properties are calculated at a temperature of 300 K. Details related to our LBM methodology are available elsewhere. 28, 29 The use of completely diffuse boundaries is based on the idea that the reconstruction of free silicon surfaces disrupts phonons traveling in the cross-plane direction. Similarly, for thin films bounded by an amorphous material ͑e.g., a silicon thin film bounded by amorphous silica layers͒, we believe that the transition from a crystalline to an amorphous material presents a large disruption to the phonon propagation and will diffusely scatter the majority of incident phonons.
We predict the effective cross-plane thermal conductivity, k z ͑L z ͒, of our thin films using a one-dimensional form of the Fourier Law
where q z is the z component of the heat flux vector in the thin film ͑q x = q y =0͒
and L z is the film thickness. 27 The temperature differences ⌬T left , ⌬T film , and ⌬T right , are calculated from the steady-state temperature profile, which is shown in Fig. 2 for the 17.4 nm thick film. Of particular interest are the temperature discontinuities at the boundaries ͑⌬T left and ⌬T right ͒, which indicate that some modes travel ballistically. If all modes travel ballistically, then dT / dz = 0 and ⌬T left = ⌬T right = 0.5 K. Such discontinuities are negligible in bulk systems ͑i.e., ⌬T right , ⌬T left → 0 as L z → ϱ͒ and are not predicted using continuum-based analysis techniques. Ballistic transport occurs when the film thickness is comparable to or smaller than the MFP of a phonon mode. In this ballistic ͑subcontinuum͒ regime, phonons travel from one side of the film to the other without scattering. It follows from Eq. ͑7͒ that these ballistic modes will contribute less to thermal conductivity than they would in a bulk system, as their MFPs are effectively re- 
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3 Sellan et al. J. Appl. Phys. 108, 113524 ͑2010͒ duced to the system length. Thermal conductivity is thus a length-dependent property when ballistic effects are present.
D. Predicting phonon properties using lattice dynamics calculations
To predict the phonon properties required to parameterize Eqs. ͑7͒ and ͑9͒ ͓c ph ͑ , ͒, v g,z ͑ , ͒, and p−p ͑ , ͔͒, we use harmonic and anharmonic lattice dynamics calculations. 6, 7, 10 Because we are using a small temperature difference to impose the heat flux, we predict the phonon properties at the average temperature. The lattice dynamics calculations are thus a one-time computational cost. The mode-dependent phonon properties are computed on a N 0 ϫ N 0 ϫ N 0 grid of wave vectors, making the total number of unit cells equal to N 0 N 0 N 0 . To achieve size-independent bulk thermal conductivity predictions, we used N 0 = 10 and a conventional ͑i.e., eight atom, simple-cubic͒ unit cell to generate 55 566 modes in the first Brillouin-zone.
The phonon properties predicted from our lattice dynamics calculations are for bulk systems and naturally include quantum effects. Using harmonic lattice dynamics calculations, Turney et al. 5 found that SW silicon thin films thicker than 17.4 nm have a bulklike density of states. Based on this result, the smallest film thickness we investigate is 17.4 nm, where we expect that the bulk phonon properties can be combined with a suitable boundary scattering model to accurately model the thermal transport.
The atomic interactions in a harmonic lattice dynamics calculation are described by the second-order derivatives of the interatomic potential with respect to the equilibrium positions ͑i.e., the harmonic force constants͒. These force constants can be used to determine the natural frequencies of vibration, ͑ , ͒, of the phonon modes in the crystal. The slope of the corresponding dispersion curves ͓i.e., ͑ , ͒ plotted versus , shown in Fig. 3͑a͒ for SW silicon͔ is then used to predict the group velocities, as defined by Eq. ͑3͒.
We apply periodic boundary conditions to our lattice dynamics simulation cell and consider no defects, no free electrons, and no internal interfaces. As such, the only source of intrinsic phonon scattering is the anharmonic interactions between phonon modes. We obtain the phonon-phonon relaxation times, p−p ͑ , ͒, using anharmonic lattice dynamics calculations, where the third-and fourth-order derivatives of the interatomic potential are used as a perturbation to the harmonic phonon modes. 6, 7 The phonon-phonon relaxation times predicted for SW silicon at a temperature of 300 K are shown in Fig. 3͑b͒ . The largest relaxation times are associated with acoustic modes located near the Brillouin-zone center ͑i.e., , =0͒, where they approach infinity in an infinite system ͑i.e., bulk translation͒. 12 Lattice dynamics calculations are valid at low temperatures, where the atomic displacements are small compared to the atomic spacing. As temperature increases, the atomic displacements increase and the contributions of the neglected fifth-and higher-order anharmonic terms in the interatomic potential become important. Turney et al. 7 suggest that reasonable predictions of relaxation times and thermal conductivity can be made using lattice dynamics calculations up to half of the Debye temperature. Here, we consider SW silicon at a temperature of 300 K, which is less than half of its Debye temperature, 710 K. 30 Details of our lattice dynamics calculations are provided by Turney and co-workers.
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III. ANALYZING THE RESULTS AND ASSESSING COMMON ASSUMPTIONS
A. Thermal conductivity predictions
The cross-plane thin film thermal conductivities of SW silicon predicted using the LBM and all the phonons in the first Brillouin-zone are plotted in Fig. 4 ͑normalized by the bulk value͒ and listed in Table I ͑for selected film thicknesses͒. The lattice dynamics-predicted and experimental bulk silicon thermal conductivities are 574 and 165 W / m K. 32 The large difference between these two results is due primarily to the use of the SW potential and, to a lesser degree, the approximations made in the lattice dynam- ics techniques. 31 Experimental cross-plane thermal conductivity measurements for silicon thin films are not available.
As shown in Fig. 4 , the thermal conductivity increases monotonically to the bulk value as the system length increases. We take the full Brillouin-zone LBM predictions to be the most accurate, as this method makes the least assumptions regarding the nature of phonon transport. We will use the full Brillouin-zone results to assess the suitability of the simplified models described in Secs. III B-III D.
The per-phonon mode thermal conductivity contribution for bulk SW silicon and the 17.4 nm thin film are plotted versus the bulk MFP in Fig. 5͑a͒ . Similar plots for larger film thicknesses show a smooth transition to the bulk behavior. Since our model systems contain no defects, no free electrons, and no internal interfaces, the large MFPs presented in Fig. 5͑a͒ are not surprising. A real silicon sample, which includes these additional phonon scattering mechanisms, will have smaller MFPs and the thin film thermal conductivity would approach the bulk value at a smaller length scale than observed in Fig. 4 . For bulk SW silicon at a temperature of 300 K, phonons with MFPs larger than 1 m contribute 44% of the total thermal conductivity. This value is consistent with that found by Henry and Chen, 33 who used MD simulation and normal mode analysis 8, 9 to predict their phonon properties. As the film thickness is reduced, boundary scattering becomes important and the effective MFPs of these modes are reduced to the system size and they contribute less to thermal conductivity.
The frequency-dependent contribution to the thermal conductivity of bulk SW silicon and the cross-plane and inplane orientations for the 556 and 34.8 nm thin films is plotted in Fig. 5͑b͒ . 34 The area under each curve is proportional to the total thermal conductivity. For bulk SW silicon, the thermal conductivity is dominated by large-MFP acoustic phonons with frequencies less than 2 THz, where the slopes of the dispersion curves are the steepest ͓corresponding to large group velocities, see Fig. 3͑a͔͒ and the relaxation times are large ͓see Fig. 3͑b͔͒ .
The in-plane thermal conductivity is higher than the cross-plane value for all film thicknesses. The phonons that travel parallel ͑or close to parallel͒ to the system boundaries contribute significantly to the in-plane thermal conductivity and are not hindered ͑or only slightly hindered͒ by the system boundaries. Therefore, the large-MFP phonons with frequencies less than 2 THz that dominate the bulk thermal conductivity also dominate the in-plane thermal conductivity. The phonons traveling perpendicular ͑or close to perpendicular͒ to the system boundaries, however, are significantly impeded by the boundaries and thus have reduced cross-plane MFPs. Therefore, the cross-plane thermal conductivity is lower than the in-plane value. Since the cross-plane MFPs are reduced to the system length, the phonons with frequencies less than 2 THz do not contribute significantly to thermal transport because they have a small density of states.
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The cross-plane thermal conductivity is thus dominated by midfrequency phonons, which, while having smaller bulk MFPs, have a large density of states. It is often assumed that optical phonons ͑ Ͼ 12 THz for SW silicon͒ do not contribute significantly to bulk thermal conductivity due to their small MFPs. We find that optical phonons contribute 3.5% to the thermal conductivity of bulk SW silicon. Neglecting their thermal conductivity contribution is therefore not unreasonable, although their effect on scattering must be included in the calculation of p−p ͑ , ͒ ͑Ref. 24͒. As the film thickness is reduced, however, the relative contribution of these small MFP modes increases. For the smallest film investigated ͑L z = 17.4 nm͒, optical modes contribute 22.5% to the cross-plane thermal conductivity. For the in-plane orientation, the increase is not as significant ͑a maximum contribution of 8% for the 17.4 nm film͒.
B. Isotropic approximation
To simplify the prediction of thermal conductivity, it is convenient to assume that the material of interest is isotropic ͑i.e., the crystal is uniform in all directions͒. The bulk thermal conductivity calculated using the isotropic approximation and the phonon properties along the ͓001͔ direction is 489 W / m K, which is within 15% of the bulk thermal conductivity predicted using all of the phonons in the Brillouinzone, 574 W / m K. To understand this reasonable agreement, given the reduction in LBM computational cost ͑by three orders of magnitude͒, consider the dispersion data and relaxation times plotted in Figs. 3͑a͒ and 3͑b͒ . The frequencies show a strong isotropic trend near the Brillouin-zone center. The group velocities, which are the derivatives of the frequencies with respect to the wave vector magnitudes, will also exhibit a similar trend. The relaxation times are also reasonably isotropic in nature ͑i.e., a function of frequency only͒ and near the Brillouin-zone center, they collapse onto a single curve that is well represented by the = A / 2 relationship proposed by Callaway. 36 Since bulk thermal conductivity is dominated by phonons that are located near the Brillouin-zone center ͓see Fig. 5͑b͔͒ , it is not surprising that the isotropic approximation is reasonable for bulk SW silicon.
The suitability of the isotropic approximation for bulk SW silicon contrasts the behavior of Lennard-Jones ͑LJ͒ argon, where Turney et al. 7 found, using MD simulation and normal mode analysis, that the isotropic approximation under-predicts the bulk thermal conductivity by a factor of 1.5 at a temperature of 40 K ͑about half the LJ argon melting temperature͒. They explain their finding by noting that the largest contribution to LJ argon bulk thermal conductivity comes from phonons around half of the maximum frequency, where group velocities in the ͓001͔ direction are not representative of the entire Brillouin-zone. When the LBM is used to evaluate the cross-plane thin film thermal conductivities, the difference between the isotropic and full Brillouin-zone predictions increases from 15% for a bulk system to 25% for the 17.4 nm film. As the film thickness is reduced, the contribution of the higher frequency modes becomes increasingly important ͓see Fig.  5͑b͔͒ . Because the group velocities corresponding to the full Brillouin-zone deviate from the ͓001͔ behavior for these phonons ͓see Fig. 3͑a͔͒ , the isotropic approximation becomes increasingly less accurate as film thickness is reduced.
C. Simplified model based on the Gray approximation
Previous works have used models based on an averaged, single bulk MFP, ⌳ Bulk , ͑i.e., the Gray approximation͒ for predicting the thermal conductivity reduction in thin films. 20, 37 Using our lattice dynamics results, we compute ⌳ Bulk from
giving 246 nm for SW silicon at a temperature of 300 K. In Fig. 4 we use this value in a simplified model developed by Majumdar, 20 k
to predict the cross-plane thermal conductivity. This model, which was developed using the equation of phonon radiative transfer and diffuse boundary conditions, does not capture the correct convergence to the bulk thermal conductivity and over-predicts the full Brillouin-zone values ͑by as much as 81% at L z = 500 nm͒. Turney et al. 5 report that similar models developed for the in-plane direction 20,37 also do not accurately capture the thermal conductivity reduction. For confined thin films, Landry and McGaughey 35 found that a single MFP cannot be used to describe the cross-plane phonon transport.
D. Boundary scattering and the Matthiessen rule
To include boundary scattering in thermal conductivity predictions using Eq. ͑7͒, we use the Matthiessen rule. The Matthiessen rule combines the relaxation times of different scattering mechanisms by assuming them to be independent. This assumption was shown by Turney et al. to introduce at most 12% error for in-plane phonon transport. 5 We use the Matthiessen rule to combine the phonon-boundary scattering relaxation times, b ͑ , ͒, with the intrinsic phonon-phonon relaxation times obtained from lattice dynamics calculations, p−p ͑ , ͒, to give an effective relaxation time, M ͑ , ͒ ͑Refs. 12 and 22͒
We take the boundary scattering relaxation time to be equal to the average time between boundary scattering events in the absence of intrinsic scattering, i.e., 5,38
In Fig. 4 and Table I , the cross-plane thermal conductivities predicted using Eq. ͑7͒ with Eqs. ͑15͒ and ͑16͒ are presented with the results obtained using the LBM. In the LBM, the phonon-phonon scattering and phonon-boundary scattering are treated independently. Since the Matthiessen rule also assumes that the scattering mechanisms are independent, agreement between the two methods is expected, provided that the boundary scattering is correctly modeled. The agreement with the LBM ͑within 1% for all film thicknesses͒ suggests that Eq. ͑16͒ is appropriate for modeling diffuse boundaries.
Using the lattice dynamics-predicted phonon properties to calculate the cross-plane thermal conductivity with the Matthiessen rule and Eq. ͑7͒ is less computationally expensive than using the LBM procedure ͑i.e., seconds to generate a solution for a 5 m film compared to days for the LBM͒. Thus, if only the thermal conductivity is required, we suggest using the Matthiessen rule and Eq. ͑7͒. However, if the occupation numbers or the temperature profile are required, the LBM procedure should be used.
IV. SUMMARY
We used a hierarchical method that considers all of the phonons in the first Brillouin-zone to predict the cross-plane thermal conductivity of SW silicon thin films. We analyzed the in-plane orientation in a previous report 5 and find that the cross-plane thermal conductivity is less than the in-plane value for all film thicknesses. Our cross-plane thin film thermal conductivity predictions are in excellent agreement with those predicted using the Matthiessen rule to incorporate boundary scattering ͑Sec. III D͒.
Considering all of the phonons in the first Brillouin-zone allowed us to examine common assumptions used to reduce the computational effort. Because the frequency dependence of thermal conductivity changes as film thickness is reduced ͓see Fig. 5͑b͔͒ , assumptions that are valid for bulk are not necessarily valid for thin films. This trend is most evident for the contribution of optical phonon modes. For bulk SW silicon, optical modes contribute 3.5% to the total thermal conductivity and neglecting their contribution is reasonable. For the thin films, however, neglecting optical modes can introduce sizable error ͑up to 22.5% for the 17.4 nm film͒.
By examining the phonon dispersion data and relaxation times in Figs. 3͑a͒ and 3͑b͒ , we showed that the phonons along the ͓001͔ direction are representative of the full Brillouin-zone data at low-frequencies. Since the bulk thermal conductivity of SW silicon is dominated by lowfrequency phonons, the isotropic approximations yields bulk thermal conductivity predictions that are within 15% of the true value. Because the cross-plane contribution of these low-frequency phonons is reduced as the film thickness is reduced, however, the isotropic approximation introduces up to 25% error when modeling the thin films. Error is also introduced when an averaged, bulk MFP is used to predict the thermal conductivity reduction in thin films ͑Sec. III C͒.
The usefulness of our hierarchical method lies in its generality. Although used here to predict the cross-plane thermal conductivity of SW silicon thin films, this method can be extended to describe the transient phonon behavior in any crystalline material, provided the force constants required as input to the lattice dynamics calculations can be obtained. If these force constants can be calculated using quantum calculations, such as density functional theory, 24 the hierarchical method will provide an efficient means for modeling transient phonon transport from first principles.
